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Ultra-fine grained (UFG) and especially nanocrystalline (NC) metallic materials can exhibit high strength at room temperature and 
superplastic properties at elevated temperatures. This enables to enhance their technological and structural properties, when producing 
various parts from them. The UFG and NC materials are obtained by severe plastic deformation. It is important to develop deformation 
methods that allow maximal grain refinement. It is shown that solution of this problem should take into account strain compatibility at the 
macro-, meso- and micro-levels and also the role of rotational deformation mode. Examples of obtaining UFG and NC materials and machine 

parts are given. 

1. Introduction 

Methods of severe plastic deformation (SPD) are widely used 
for the production of bulk metal and alloy materials with grain size 
1-10 microns and even down to a few nanometers [1,2]. Most of the 
works in the field of severe and large plastic deformations are 
mainly devoted to micromechanisms of deformation and structure 
evolution [1,3]. Development of the effective methods of 
production of the UFG and NC materials requires a deep 
understanding of between structure state and strain state [2,4].  

As it is known, in the theory of metal working the strain state at 

a point of a continuum is characterized by the strain tensor ê . If 

the displacement vector field u is known then the strain tensor ê  
can be calculated by its differentiating. When solving the inverse 
problem, i.e. finding vector u from the strain components one meets 
the non-uniqueness of the solution because three components of the 
displacement vector are defined by the six components of the strain 
tensor. This non-uniqueness can be overcome by differentiating the 
Cauchy relations and exclusion from them the displacement vector 
components. As a result, the six strain compatibility equations are 
obtained that a valid for small but not for finite strains. Moreover, it 
is not clear how such approach to the establishment of the strain 
compatibility conditions can be applied to crystalline materials 
where plastic strain is developed due to motion of one-dimensional 
defects leading to structure evolution and fragmentation of the 
material and to the formation of small grains. 

In connection to this, in this paper, the following problem is 
addressed: to reveal the physical and mechanical reasons for 
fragmentation, that results in UFG and NC state formation in 
metals, based on a wider notion of the plastic strain compatibility 
condition, than that used in the metal working theory. The plastic 
strain compatibility condition is a direct consequence of the matter 
conservation law, and thus, the addressed problem is based on the 
“first principles” of plastic deformation of amterials. 

 
2. Generalized strain compatibility condition 

Let a solid body under external forces and torques 
undergoes plastic deformation, i.e., its dimensions and shape 
change without breaking of continuity. Let us choose an 
imaginary net of straight lines in the bulk of the body 
parallel, e.g., to the Cartesian coordinate axis or, in the case 
of crystalline body, to the crystallographic axis. After plastic 
deformation the lines of the net will be inevitably distorted 
being bended and screwed. At each point of the body the 

distortion is given by the tensor ̂ , with respect to which 

the condition of compatibility of plastic deformation has the 
form: 

(1)             ˆ ˆˆ( ) 0rot rot e                                                  

.    

 Deformation in the vicinity of a point is defined by the 

symmetric part of ̂ , which can be written in the form ê  = 

(u + u)/2.  Anti-symmetric part of ̂ , which can be 

presented as ̂  = (u - u)/2, represents pure rigid 
rotation of the vicinity of the point. Substituting in (1) the 

tensor of distortion ̂  by ̂ = ê +̂  one gets: 

(2)                rot ê  =  rot ̂ .                                                          
     

For crystalline materials components in the strain 
compatibility equation (3) can be defined by the following 
set of equations [6]:  

Strain compatibility condition can also be written in the 
form 

(3)   
1 1
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Where ˆ 0,5( )k kT nb bn 
  

 and ˆ 0,5( )k kR nb bn 
  

 are, 

respectively, the symmetric and anti-symmetric parts of the 
tensor for k–th slip system; k – dislocation density, k – 

mean path length of dislocation, bn


,  are the normal to 

the slip plane and the Burgers vector for k-th slip system in 
a grain.  

The equation analogous to (2) can be written as 
 
(4)                           ˆ ˆ

T R   ,                                                       

where ˆT  and ˆ
R  are the tensors of Taylor and reactive 

rotations of grain, respectively. 
Thus, one can say that distortion results in a shape 

change of material, because in the symmetric rotation tensor 
the trace is not equal to zero, and to the pure rotation 
changing the misorientation angles of the regions, because 
in the anti-symmetric rotation tensor the trace is equal to 
zero. Note that the first rotation can be called active and it 
appears due to dislocation accumulation, while the second 
one is reactive and it is caused by disclination motion. 

 
3. Structural conditions on the strain 

compatibility 
In the ideal case, plastic strain compatibility is achieved 

by the equality of the distortion tensor in each of N points 
or grains, i.e., by the equalities of the distortion components  
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Such conditions can be fulfilled for a polycrystal only if 
in each grain at least 5 slip systems are active or if there exist 
a large number of grain boundaries allowing for grain 
boundary sliding and grain rotations.  

 Usually polycrystals have large grains with a negligibly 
small grain boundary volume fraction and typically there are 
no more than 2-3 active slip systems. As a consequence, 
under such conditions, not the well-known Polyany-Taylor 
strain compatibility conditions [2] but the conditions 

(6)       1 1 2 2
ˆ ˆ ˆ ˆˆ ˆ ˆ ˆ... n ne e e e            

                                                                              
are more realistic.  

If the strain compatibility equation is expressed in the 
form 
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       ,   

                                       

then, taking into account the values of T̂  and R̂  and the 
fact that the dislocation density and their mean path length 
are not equal to zero, one obtains:  

 (8)     0nb 


                                                              .                                                                        

the regions close to grain boundaries. As a result, 
internal Condition (8) can be easily fulfilled in a single-
crystal. In polycrystals shear, i.e., dislocation sliding in 
active slip systems, is detained by grain misorientation and 
mismatch of the slip systems in different grains. Therefore, 
already at relatively small strain levels, dislocations are 
accumulated in grains, starting from stresses grow and then 
relax by reconstruction of dislocation pileups into small-
angle grain boundaries or dislocation walls. In this process 
the set of large-angle grain boundaries detaining the 
dislocation sliding is substituted by the large amount of 
small-angle sub-grain boundaries which can be easily 
overcome by dislocations. Because of such fragmentation, 
the equation (8) and the plastic strain compatibility condition 
(7) are fulfilled only approximately.  
The structural condition of strain compatibility can also be 
represented as:  

 

        (9)        ˆ ˆ 0div  α α ;                                                            

       (10)      
V A

dV dA  b b
 

                                                         

where α̂ – dislocation density tensor; V and А are, 
respectively, the volume and the surface area of the 
deformed metallic sample.  

 Physically, equation (9) means that within a deformable 
volume - the deformation zone – there is no dislocation 
sources that could change the density of charge dislocations 
(dislocations of the same charge) and thus could change the 
curvature - twisting of the crystal lattice. Equation (10) 
reflects the law of the Gauss-Ostrogradskii for the field of 
the Burgers vector, demonstrating that the divergence of this 
field in the deformation zone is equal to the flow of 
dislocations emerging on the surface of the deformation 
zone. Indeed, since the lattice dislocations appear as the 
loops, then the path-tracing along them, in general, gives the 

zero curvature-torsion of the crystal lattice. The curvature-
torsion accumulates when a dislocation segment comes out 
on the surface or on a grain boundary and/or when the 
surface and the grain boundaries become the sources of the 
dislocation segments (half-loops). 

 
4. Factors that influence grain refinement 
From the above equations it is possible to obtain the 

relation between change in the external surface of the 
deformed polycrystal and its linear defects, i.e., charged 
dislocations. Formal derivation of this relation, taking into 
account the equality between the increments of curvature - 
torsion of the crystal lattice and normalized to the volume 
area of the deformation zone, was introduced and developed 
in [2,4]. As a result, the developed model [2,5,6] allows 
one, with physical accuracy, to estimate the average grain 
size as the function of accumulated in course of 
deformation curvature-torsion of the crystal lattice, taking 
into account the size effect, i.e., the deformation zone size. 
It is also important to note that the presence of the rotation 
deformation mode is an important condition for structure 
formation at large plastic deformation. Taking into account 
the rotation deformation mode enables to correctly estimate 
the magnitude of strain necessary for grain refinement in 
various deformation processes. 

An important role in the UFG structure formation is also 
played by the non-homogeneous field of angular velocities, 
leading to formation of band structures [2,6]. The presence 
of large-angle grain boundaries between the bands results in 
the non-monotonous deformation and to the formation in 
the material a homogeneous UFG structure due to the 
intersection of bands. 

Experimental confirmation of the theoretical 
investigation of the UFG structure formation was obtained 
on the single-phase metals and multi-phase heat-resistant 
alloys. Presence of the large amount of strengthening 
intermetallic phase in such alloys strongly reduces the size 
of plastic zones in the matrix because of small distance 
between the phase precipitates. Moreover, this phase 
suppresses the grain growth during hot deformation. That is 
why, the UFG structure in such alloys is obtained by the 
dynamic recrystallization, and the important parts of 
machines are made of UFG semi-products in the condition 
of superplastic deformation [7,8]. 
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